Math 156 Midterm Exam 1 Review Solutions Fall 2024

la) True Z = nH = 2(22) =2 Z = 21213 — 156 (can also be done by direct computation)
= =1

1) _(1_1 1_1 1 _ 12
1b) Tfuez(*—m)—(1—5)+(§—§)+"'+(ﬁ m) =l-5=3
1c) True The two sums contain the same terms in the opposite order. (This could be justified with the
n

substitution j = n —i.) Alternatively, using our known formula for 3 i, we have
i=0

Sh—i) =2 =2in+2) =n2> 1-2n3 i+ > 2 =n2(n+1) - 2p"0H L 52 =y~ 32,

1=0 =0 1=0 =0 =0 =0 =0

1d) True In class and on homework we derived > i = % and Y % = 712(27“)2.
n 2 2 n =1 =1
Then <;z> = (”"‘;1)) = 2113

le) True 14+3+5+7+--+(2n—1) = 2(21—1)_221—222.%—71:#

i=1 =1 =1

9 ) 1 1
11 1 1 1N 1= 1 1
1f) True 1 + -+~ + = +- — = - 2 1024 —2(1-—-]<2-1=2
) True Lot 45+ F 53 Z;() I 1024 ) <

1
2 2

9
1g) True » ((i+1)* =) =(2° — 13+ (F —2°) +--- + (10> — 9%) = 10° — 1° = 1000 — 1 = 999
g ; %f y//’f /95

1h) False If the number of intervals using any Riemann sum increases, then the error will decrease, not
increase. In the case of the right-hand Riemann sum, if the number of intervals is doubled, the error is
approximately cut in half.

d [ e 22 - 2re® — .2 o (422 — 2 1
1i) False — [ — | = =e” 1—-— a?
i) False dx ( 2z ) 42 ¢ < 42 ) < >> 7e

1 1 1 1
1j) True set u = 22, du = 2xdz, then /:ce”gd:c = /e“ - —du = /e“du = —e“ = 563:2

1k) True Apply integration by parts, f udv = uv‘ Ud,u to the first integral.

u=e% dv=cosxdr = du=—e *dx,v =sinz

Jo e T coswdr = e " sinx|go + [y e Fsinadr = 0—0+ [ e Psinadr = [J° e “sinadr

11) True The work needed to stretch the spring from 10 cm to 15 cm is f05 kxdr = %k‘ =2J,s0ok= 24—5.
Then the work needed to stretch the spring from 10 cm to 20 cm is folo %mdm = 24—5 -50 =8 J.

1m) False Let = be a vertical coordinate with x = 0 at the top of the building and x = L at the bottom
of the cable. Consider a slice of the cable at position z;. The volume of the slice is AAx; the mass of the
slice is pAAx; the force acting on the slice is pgAAz; the work done in pulling the slice to the top of the
building is pgAAx - x;. Hence the total work is W = nh_)rrgo pgAx;Ax = fOLpgAmdx = %pgALQ. If the length

of the cable is doubled from L to 2L, then the work becomes W = %pgA(ZL)2 = 2pgAL?, which is four
times the work done in raising a cable of length L, not double.
> =0—(—1) = 1; the result also follows from the p-test with p = 2

1n) True [;* 5 = —2[]
1o0) False Here’s a counterexample. Let f(z) = L, g(z) = then hm f(z) =0 and le g(x) =0, but

1

x 1
lim @ = lim - = lim 2 = 2. Of course there are many other valid counterexamples.
z—o0 g(x)  w—00 5= T

2x’

1p) True This follows from the comparison test.
1q) True Note that erf(0) = 0. Then by the FTC we have erf’(z) = 2=e~*", so erf”(z) = 2= (—2z)e ",
and hence erf”(0) = 0.

1r) True
method 1: sketch the graph of each function, argue that the area is the same by symmetry



method 2: use integration by parts, u = sinz,dv = sinz = du = cosz,v = —cosz = foﬂ/Q sin? xdr =

w/2
Simx - —CoST

/2 2 g (72 2
— fo —cos“dxr = fo cos® zdx
2

=0

method 3: use trigonometric identities, sin® x = %(1 — cos2x),cos’ x = %(1 + cos 2x)

2. Express the integral as a limit of Riemann sums, evaluate the limit, and check by the FTC.
2a. [Jadr=a=0b=2A0r="0=2 3 —q+iAz=2 (x) — o, f(z) =a; = 2

n
n n
Riemann sums: lim Y f(z;)Az = lim 25 2 = lim % Z i= lim % ”(n+1) =2
n—oo0 /7] n—oo ™ " n

n—soo N~ : n—oo

2b. folx?’dxia:()b:l Ax ="t =1L g —atife =1L f(z) =23 f(z;) =2} = (L)
n 2

Riemann sums: lim Z f(z;)Az = lim %Z( )3 = lim & 3% = lim 4 ”("H)} =1/4

nt n
n—00 ; n—oo ™ 2] n—oo M 2] N—00

2C-ff§5d$ = Ar = b_Taaxi =a+ilAz, f(z) =2, f(z;) =

n n

Riemann sums : nh_}ngo z; f(z) Az :nh_{glo Z;:ciA:c = nll—%o Z;(a +iAzx)Ax

) "~ ( ,b—a)b—a
= lim a-+1
n—)ooi_l n n

:nlgngo< na21—|— 221)

=1
_ )2
= lim (ab an+(b 2(1) n(n—l—l))
n—o0 n n 2
B (b—a)?® —a\ b+a
=a(b—a)+ 5 =(b—-a)|{a+ 5 =(b—a) 5
b
FTC:ffxdxz% :%—g

2dfbx2dx:>Ax:M x; =a+ilAx, f(x ):x2,f(xi):x?

2 A2
Riemann sums : nh_}rn Zf x;) Az —nh_{n Zaz Az = nh_}ngo z;(a—FzAx) Az

_ —_ )2 _
— lim <a2+2iab a2l a)>b a

n—0o00 n TL2 n
i=1

—nlggo< QaZer i 2)

=1

= lim (a2b;an+(b—a) o (n—|—1)+(b—a) (n+1)6(2n—|—1)>

n—00 n2 2 n3

=a%(b—a) +a(b—a)? + — :(b—a)<a2+a(b—a)+

W=

0-a?)

— (b—a) (ab+ %(zﬂ - 2ab+a2)) - é(b — ) (B 4 ab+a?) = é(bfﬂ _ )




n n _ (e—1/m)" ~(n+1)/n

: L 1 R N e Cad) L 1f1-e
Riemann sums : nhﬁngO El f(zi)Ax —nlglgoﬁ El e = lim ( -1)=lm —| ———7+—
1= 1=

1/1—=¢e1-1/n 1 1
—lim S (—% ) = lim (1 —6_1_1/")- lim = (| ——
n—oo N 1— 6—1/” n—00 n—oon \ 1 — e—l/n

t
(1 _ 1.1 —
= —e™) 1151—1;% 1—et

note: ’Hopital’s rule is used in the last step; this derivation uses the right-hand Riemann sum; the left-hand
Riemann sum can also be used, but you should get the same answer.

1
FTC: fol e Pdr = —e™ " 0= —et—(-1)=1-¢7!

=0-0c0= lim 5 =3 = lim 6% = é = 0; we used 'Hopital’s rule

3a. lim ze™®

T—00 T—00
3b. The sum is a Riemann sum for f(z) = 2> on 1 < x < 2. The limit is ff 3dr = [x*/4]? = 15/4.

lim oSO _ lim @ =

3c. ’Hopital’s rule : = f(0); we assume f is continuous at 0

z—0 z—0
3d. 'Hépital’s rule : lim €= = lim % =1
z—0 ¥ z—0
3e. I’Hopital’s rule : lim t’"lo =9 = 1lim %017’9 =10
r—1 17 0 r51 9 9
10 .
or alternatively use the sum of a finite geometric series : lim 3=2— = lim > 7’ = > 1=10
r—1 r—1 i—0 i=0
4a. substitute : u = —2? du = —2xdx we have Jxe ™ dx = —3 [ e'du = —5€e"tc= —56_‘”2
4b. Integrate by parts twice to reduce the integral:
f:ch*“”dx u=22 dv=e%dr = du=2xdr, v=—e"
=z -2 [xe %dx u=z, dv=e%dr = du=dzr, v=—€e"

= 2% — 2ze " 4 2[e "= —2%e™® — 2z — 277
4c. Integrate by parts: u =z, dv = sin(z)dz, then du = dzr and v = — cos(z)

Jxsinzdr = —zcosz+ [cosxdr = —zcosz +sinz

4d. The easiest method is partial fractions,

4—22 (2-2)2+2) 2—2 2+x

dx 1 dx 1 dx 1 1 2+
S T - — — (24 2) —In(2—2)] = =1 .
O wege /4—9;2 4/2—x+4/2+x g @ +2) —n2-2)] =7 n<2—a:>

You could also use the trig substitution x = 2sin 8, but the algebra is much more difficult.

1 1 1/4 1/4
VRN

4e. Due to the square root we use a trig substitution, z = 2sin = dx = 2 cos 0df =
der 2cos6df cos B

/ Vi-a2 / Va—4sin20  J V1_sin?0

To complete the integration we need to invert the substitution to get back to the variable x. Solving our

| vz

dg =96.

original substitution z = 2sin 6 for 6 gives 6 = arcsin(x/2), so we have = arcsin(x/2).

4f. Again we use a trig substitution. Set x = 2sin so that dx = 2 cos8df. Plugging this in gives,



/\/4—x2d:c—/\/4—4sin20~2cosﬁd0—4/\/1—sin29d9—4/60820d9.

Now use a trig identity, cos26 = cos®§ — sin? § = 2cos®§ — 1 = cos? 6 = 3(1 + cos 26).
Inserting this into the above integral we have

4/c0820d9:2/(1+c0529)d9:20—|—sin29:29+25m9c050,

where we used the trig identity sin 20 = 2sin 6 cos #. Now use the original substitution = 2sin 6 to return

to the original variable, z = 2sin6 = sinf = /2 = § = sin"*(z/2), and cos 6 = /1 —sin?§ = |/1 — 1a2.
1
This gives the final result, /\/4 —22dr =2sin"t T 4 xy\[1— ZxQ = 2sin! g +Ia

2 2

1 1
Ha. For 0 < x <1, we have — <
2 14z

1 1,9 1 10 |1 1,9 101 1 .9
1 1 1
/a:gdxg/ a: dxg/wgd:c:x S/ * dxgx— :>§/ x dr < —.
0 2 o 1+ 0 210 |, o 1+z 10 |, 20 o 1+ 10
5b. We could expand (1 — ), but there is a simpler method. Set u =1—x,s0 2 = 1 —u and dor = —du,
so the integral becomes

1 0 0 1 1 1
/ (1 —z)der = / (1 —w)u(—du) = —/ (u™ — u'?) du = / (u™ —u'?) du = —u'? - —ulg‘
0 1 1 0 12 13

111 , .
513" 156 Note that we used the property [ f(z)dz = — [" f(x)dz.

< 1. Then it follows from the comparison test that

1

0

6. Using Hooke’s Law, we have 30N = k(12 cm — 15 cm), so k = 10%. To calculate the work to stretch
from 12 cm (the natural length) to 20 cm, we have W = f08 kxdr = f08 10xdz = 5x2’§ =320N-cm =3.2J.

q2

dmegr?’
vacuum permittivity,  is the distance between the ions, and the negative sign indicates that the force is

repulsive. (a) If one ion is held fixed at = 0, find the work W done in moving the other ion from =z = 3 to
x = 2. (b) Find W if these are sodium ions with charge ¢ = 1.5 - 1071 C (coulomb), distance is measured
in angstroms (A= 10719 m), and (47rep) ™' = 9- 10N - m?/C2%

7. Two ions each have charge ¢ and they repel each other with force f(r) = where ¢ is the

a) This is a problem in which an object moves from = = a to x = b subject to a variable force f(x). In this
example the coordinate x can be identified with the distance r between the two ions. Since one ion is held
fixed at x = 0 and the second ion is moved from = = 3 to z = 2, the work done is computed as follows.

W /2 q2 d q2 2 dT‘ q2 1 2 q2 1 1 q2 1 q2
= —_ T = — —_— = — o —_— fry —_— = = . —_ =
g dmwegr? Ameg Jq 12 deg  r|y 4meg \2 3 dmeg 6 24meg
1 1 N-m2\ 1._; J-m 27
b) W = ¢?- 2 =(15-1079C)2-(9-10° L= =153 1072 —""—==2".10"1J
) T 4reo 6 ( ) C? 6 (1.5) A 8

8a. Draw a vertical z-axis with x = 0 at the base of the pyramid and z = H at the top. Define
Az =8 2 = iAz, for i = 0: n, where Az is the width of a slice of the pyramid and z; is the height of

n?

the ith slice. Each slice has the shape of a thin square box, so if /; is the side length of the ith slice, then

using similar triangles we see that Hlj = = %
L2
volume of ith slice = [ - Ax = (H — ;) ﬁAaj

mass of ith slice = p(H — z;)? == Ax

force acting on ith slice = pg(H — x;) Az

27
H?2

L2
work done on ith slice = force x distance = = pg(H — m)QEAx -y



H 5 LZ L2 H )
total work = W = / pg(H — x) xmdx ng2/ (H — xz)“zdx
0 0

H H 2 3 4 H 1 9 1 H4
H—2)2ede= | (Hx—2Ha? +2%)de = Hﬁl—ﬂﬂffi( L (T
A (H - o) adz A (H'z —2Hz" +27)de 2 577 ) o > 371) 12

L? H* 1 5
7 13 =~ 1rIlH

8b. If L and H are doubled, then W increases by a factor of 16.

so the work done in constructing the pyramid is W = pg

8c. Which requires more work, building the lower half or the upper half of the pyramid?

H/2 a2 x| H/2 11 21 1 1 11
: H— o) ede = ( H2S —oHE 47( S S )=t
WW”(A (H —a)wdy < 2 3+4>0 2'173'87116) 1%

" a? 23 at\ A 13 27 115 5
Wapper © [ (H = a)%ade = ( H?S- —2H 5 + = ‘ S 1DY 0 g
WW‘LA @) wde ( 37 ) e 2°1°3871°16) 192

So more work is done building the lower half of the pyramid.

o * dx 1

9a. —- : converges, p-test, p = 4; also — =
1

* (1)1
ot =323, -3) 3

o0
9c. / e Usinxdx : converges by comparison to e~*. Also note that
0

o0 [ee] 00 o0 o0
/ e Tsinxdr = —/ e “d(cosz) = —e " cosx‘ +/ —e Ycoszdr =1 —/ e ¥ cosxdz.
0 0 0 0

Using the result of problem (1i), / e “sin(z)dr = / ¥ cos(x)dxr = / Ysinzdr = 1/2.
0 0

* /1 1
9d. - — dx : converges.
1 X T + 1

Evaluating each integral yields co — oo, which is inconclusive, but the integral can be evaluated directly.

/ (— >d:c—[lnx—ln(1+af)]|1 = lim ln(x>+ln2—ln1+ln2—ln2
1 1+l‘

T—r00

N
9e. V12 — 22 : converges; it’s a proper integral. To evaluate, use a trig substitution.

T

sinf = %, cos0df = dm T2 = V72 —r2sin? 0 = \/r2(1 —sin? ) = rcosd
/ /2 /2
/ VT —xde—/ rcosf - rcosfdl = r? / cos® 0df = r? / 2(1—1—00829)619
—_r —7/2

—7/2 —7/2

2 1 /2 2 1 1 2 1
:%- <0+2sin29> :r/2:%‘ <72T+ isinﬂ— <—72T+2sin(—7r)>> :%'71'2571'7“2

In fact, the graph of f(x) = vr? — 22 is a semi-circle, so the integral is the area of a semi-circle.

of. /_ :; \/% : converges; it’s an improper integral. To evaluate se a trig substitution.
sinf = £ cos@dﬁ— 4z cosf = /1 —sin’f = \/1—— = \/72;2%2 :% r2 — g2

r cos 0do
/_T \/ﬁ /W/Q rcosf




oo
9g. / H_ixz : converges. Using the substitution x = tant ( so dr = sec? tdt) we have
1 X

o w/2 sec? t w/2
1 +x r/4 1+ tan /4

1 1 . 1 3
T Y p T 00 and the integral of - diverges.

T
9h. / —— : diverges. We know this because
1 V1422 s
To prove it, use the comparison test.
! > ! ! f >1 :>/OO ! d >/OO ! d k
= or x —dx ——dr=00 o
Vi+a2 Va2 +22 2z - 1 V1i+22 T 2z 7

*
9i. / ————=dx : diverges
0 x2+1
[e.e]
substituting u = 22 + 1, du = 2zdx yields /

e Y

oo
d
9j./ 7561 . diverges.
1

2 —

°°du

This can be shown by evaluating the integral using the method of partial fractions, but here we use a

1 1
5 ~ — as x — 0o, whereas — ~ as x — 1, hence
?-1 =z 2—-1  2(zx—1)
1 1 1
the issue isat £ = 1, not x = oco. If 1 <z < 2, then = > .
22—1 (x4 1)(zx—-1) ~ 3(x—-1)

S | | S | | |
Then/ dx:/ dx +/ dxz/ ——dx +/ dz
1 1'2—1 1(172—1 2 1'2—1 13($—1) 2 1'2—1

different approach. First note that

2
1 1 2 1
> /1 31 =3 In(z — 1)’1 =3 (In1 —1n0) = co = the integral diverges.
1 1 1
dx dx
9k / —— : converges. p-test with i / — = / 20y =222 =2
0 VT Jo vV Jo 0

1
d
9m. / $ : diverges
0 1—z

1 0 1
d —d d
substitute v = 1 — x, du = —dx, / S / v / o, diverges by p-test, p =1
0 1 0o u

9n. substitute u = %, then du = ——daz = —u?dz and dz = —u—gdu
/OO lnx d:c:/o In(1/u) —d u:_/ ln(l/u)du:/OO ln(l/u)du:_/oo Inwu du
0 x2+1 o U241 u? o 1+u? o 1+4+u? o 1+4+u?
<1 <1 <1
:>/ i x——/ de:>/ ne ——dr =0
$2+1 0 1’2“‘1 0 $2+1

o o0
1
10a. The total dose is D = / ote 2tdt = / ye_ygdy = 1/2. The units of D are mL.
0 0




1
11. a) Show that % ~ —asx — oo. b) Sketch the graphs of y; =
z¢+1 =z

T 1
and yo» = — for
2 + 1 Y2 x
x > 0 on the same plot. Label each curve. Do the curves intersect?

T
2 z2 00
solution : lim 4+l _ lim ——— = —,, we can proceed in two different ways as follows
T—00 1 z—o00 x4 + 1
T
2 Z+1-1 1
method 1 : lim v = lim R = lim (1-— = ok
z—oo x2 + 1 z00  x2 41 T—00 2 +1
. x? . 2
method 2 : use 'Hopital’s rule , lim ——— = lim — =1 ok
2
z—oo x4 + 1 T—00 20
Y 1
1
' If the curves intersect, then — 1 = - & 2? =22 +1, which is
x T
\ impossible, so the curves do not intersect; in fact it can be seen
1
v Y2 that y; < ys for all x > 0.

12. A tank contains radioactive waste from a nuclear reactor. Due to radioactive decay, a fraction a of the
waste in the tank at the start of a year remains in the tank at the end of the year, where 0 < a < 1, and
an additional b kg of waste is added to the tank each year. Let wg kg be the amount of waste in the tank
on January 1, 2000, and let w,, kg be the amount of waste in the tank after n years have passed. a) Write
the expression for wy, in terms of w,_;. b) Find w;, wy, ws, ws. ¢) Find the formula for w, in terms of

a,b,n,wy. d) Let wg = 50 kg, a = 0.9, and b = 10 kg. The capacity of the tank is 100 kg; will the waste
ever exceed that value?

a) Wy =a-Wp—1+b

b) wy =a-wy+b

we=a-w;+b=a-(a-wy+0b)+b=a® wy+b(l+a)
wg=a-we+b=a-(a® wy+b(l+a))+b=a® wy+b(l+a+a?)
wy=a-w3+b=a-(a® wo+b(l+a+a?)+b=a' wy+bl+a+a®+a?)

1 _ AN
¢)wp=a"-wy+b(l+a+a®+a®+-+a")=a"-wo+b- N a
—a
d) No, the waste in the tank will never exceed 1000 kg.
- (0.9)" 1—(0.9)"
proof : wy, = (0.9)" - 50 + 10 - 1(09) =(0.9)" - 50 + 10 - 0(1) =(0.9)"-50+100- (1 —(0.9)")

=100 + (0.9)"(50 — 100) = 100 — 50 - (0.9)" < 100 ok

13. a) f(a: =sinz,0 <z <27

favg =

2m
/ inwdz = — T~ L cos2 0)= ——(1-1)=0
sinzdr = — - —cosz| = ——/(cos2m —cos0)=——(1—-1)=
0 27 0 27 27

12 1 (/1 1
fr2ms = / (f(fﬂ))2d$ / sin? zdr = — — — —cos2z |dz
b—a J, o 0 2 Jo \2 2




—;(;x—ism%:) ZW:;T~2W:;:frmS:\}§
13. b)f( ) =sin2z,0 <z <27
fave = /f / s1n2xdx—%-%82$zﬂ:—ﬁ(cosélﬂ—cosO):—ﬁ(l—l)zo
frms_ba/a (f(z / sin 2xdm-% 2W<;—;cos4x>daz
1 /1 1 1 1 1 1
:%(2m—881n4x>0 —2—-527r:2:>frms \ﬁ
13. c)f( ) =sin?z,0 <z <27
Javg = [ f / sin xdm—% %(;—;cosZm) dxz;ﬂ(;x—isin%) iﬂ
‘%5‘2”25

) 1 b N 1 27r. A 1 27 1 1 2
rms:b_a/a(f(ac)) dx:% ; sin xdm:% ; <2—2(:os2ac> dx

1 (/1 1 1 1 [7/1 1 1/1 1
= — <—cos2x+4cos22:c>dac: (—cos2x+<+cos4x>>da:

27 4 2 27 4 2 4\2 2
1 [¥/3 1 1 1 /3 1. 1. 13 3
=5 (8—2cos2:z+8cos4x>dx = 27T<8:1:—4sm2$+3281n4a:> . = %§2 =— = fins = \/;

14. The current and voltage in an AC circuit are I(t) = Iy coswt, V(t) = Vycos(wt + ¢), where Vj is peak
voltage, Iy is peak current, ¢ is time, w is angular frequency, and ¢ is the phase shift. The work done by
the circuit in one cycle is W = fOTP(t)dt, where T' = 27 /w is the period, and P(t) = I(t) - V(¢) is the

power (the rate at which the circuit does work).

) Find the work done over 1 cycle when the current and voltage are in phase (¢ = 0).

27 Jw 27 Jw
W = / P(t)dt = / Iy coswt - Vycoswt dt = IOVO/ cos® wt dt , substitute z = wt = dz = wdt
0

27 27
d INY% 1 1 IpVt 1
:IOVO/ (30521:—%:ﬂ — + —cos2zx dy = 970 £+fsin2x
0 w w 0 2 2 w 2 4

b) Find the work done over 1 cycle when the current and voltage are 90° out of phase (¢ = 7/2).

7 _ IoVor

0 w

$== :> V(t) = Vo cos(wt + ¢) =V, cos(wt + g) = Vp(coswt Cosg - sinwtsing) = —Vpsinwt

27 Jw 27 Jw 27w
W = / P(t)dt = / I(t) - V(t)dt = / Iycoswt - —=Vpsinwt dt = —IQV[)/ cos wt sinwt dt
0 0

IV LV [*1 LV 1 o
= —— cosz sinzxdr = ——— —sin2zxdr = ———— - ——cos 2z
w 0 w 0 2 w 4

IyVy
—

cos4m — cos0)
B w

note the units : [current] = ampere, [voltage] = volt, [power] = watt = joule/second, [work] = joule

=0




(€) f(x) = sin®(x)




